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Abstract
Infinite order linear recurrences are studied via kneading matrices and kneading
determinants. The concepts of kneading matrix and kneading determinant of
an infinite order linear recurrence, introduced in this work, are defined in a
purely linear algebraic context. These concepts extend the classical notions
of Frobenius companion matrix to infinite order linear recurrences and to the
associated discriminant of finite order linear recurrences. Asymptotic Binet
formulas are deduced for general classes of infinite order linear recurrences as
a consequence of the analytical properties of the generating functions obtained
for the solutions of these infinite order linear recurrences.
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1. Introduction
The concept of kneading determinant was introduced by Milnor and Thurston
[7] in the late eighties of the last century in the context of one-dimensional dy-
namics. Later on, it was shown that the kneading determinant of an interval
map can be regarded as the determinant of a pair of linear endomorphisms
with finite rank, see [1] and [2]. This latter point of view, purely linear alge-
braic, is the link between the Milnor and Thurston notion and our definition of
kneading determinant of a linear recurrence. Indeed, as we will see, the knead-
ing determinant of an infinite order linear recurrence is a particular case of the
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above mentioned determinant of a pair of linear endomorphisms with finite rank
described in [2].
The main objective of this paper is to show that the kneading determinants
play an important role in the study of infinite vector recurrences, giving directly
the generating functions of the solution of the problem. In addition, the deter-
minants present a powerful computational tool to obtain the actual solutions of
finite and infinite order linear recurrences..
Linear recurrences have a long history, they constitute generalizations of the
eight centuries old finite linear recurrences of Leonardo de Pisa, or Fibonacci
[10]
qn+1 = qn + qn−1, with q0 = 0, q1 = 1 and n ≥ 1.
In the 19th century Jacques Philippe Marie Binet popularized a formula,
earlier known to De Moivre, solving the Fibonacci recurrence as a function of
n.
In a series of papers, [8, 11, 3] Rachidi and other authors studied lin-
ear infinite order scalar recurrences. Given an infinite sequence of coefficients
{ai}i=0,1,2..., with some possible conditions on the sequence, like periodicity
[3], positivity of the coefficients, see the recent work [9], or the existence of
some limit, the problem was to find a solution of the infinite order linear scalar
recurrences
qn+1 =
+∞∑
i=0
aiqn−i, for n ≥ 0, (1)
with an infinite set of initial conditions {qi}i=0,−1,−2,.... By studying the results
of these researchers, namely on Binet formulas, we adopted a new approach to
the problem using the different technique of kneading determinants. We apply
this new method to a wider class of recurrences, obtaining solutions and asymp-
totic behaviour showing the conceptual and computational power of kneading
determinants. One of the advantages of using generating functions is the possi-
bility of analyzing the asymptotic behaviour using the analytical properties of
the generating function.
The paper is organized as follows, in sections 2 and 3, we introduce the
terminology and the main results of this paper, we generalize this problem to
vectorial recurrences (2) and present their solutions. Naturally, the method
solves scalar recurrences as a particular case. We present three fundamental
results characterizing the solutions of infinite order linear recurrences, Theorem
1 generalizes the concept of Frobenius companion matrix, Theorem 3 gives the
generating function for the solutions of the recurrences and Theorem 6 gives
asymptotic Binet formulas for the asymptotic solutions of the problem. The
technical details and proofs are given in the last two sections.
2. Terminology and definitions
Let N = {0, 1, 2, ...} be the set of non-negative integers, p a positive inte-
ger and {An}n∈N an infinite sequence of p × p matrices with complex entries.
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In this paper we are interested in vectorial (or matricial) homogeneous linear
recurrences of the type
xn+1 =
+∞∑
i=0
Aixn−i, for n ∈ N, (2)
where xn ∈ C
p for all n ∈ Z and xn = 0 for almost all
3 negative integers n.
We call this type of homogeneous linear recurrences of generalized Fibonacci
type on Cp, for short, Fibp recurrences.
A Fibp recurrence is completely determined by a sequence of matrices {An}n∈N.
If there exists k ∈ Z+ such that Ak−1 6= 0 and An = 0 for n ≥ k, the Fibp
recurrence is said to be of finite order k (for short a Fibkp recurrence). If the set
{n ∈ N : An 6= 0} is infinite, the Fibp recurrence is said to be of infinite order
(for short a Fib∞p recurrence). With this notation the recurrence (1) is of type
Fib∞1 and the original Fibonacci recurrence is of type Fib
2
1.
The concepts of kneading matrix and kneading determinant of a Fibp re-
currence, introduced in this work, will be defined in a purely linear algebraic
context. These concepts extend for Fib∞p recurrences the classical notions of
Frobenius companion matrix and associated discriminant of a Fibkp recurrence.
Throughout the paper C[z] and C[[z]] denote respectively the commutative
rings of polynomials and formal power series with complex coefficients. Matrices
with entries in C, C[z] and C[[z]] will be denoted respectively as elements of
Cm×n, C[z]m×n and C[[z]]m×n. The m×m identity matrix Im will be usually
written I keeping in mind that its order is always well defined from the context.
The infinite-dimensional vector spaces over C
U =
⊕
n∈N
C
p and V =
∏
n∈Z
C
p (3)
will play an important role in this discussion. We write u and v for denoting
the vectors of U and V with components un ∈ C
p and vn ∈ C
p, i.e.,
u = (un)n∈N = (u0, u1, ...) with un ∈ C
p
and
v = (vn)n∈Z = (..., v−1, v0, v1, ...) with vn ∈ C
p.
In contrast with V , the space U admits a countable infinite basis. From
now on we reserve the symbols e1, ..., ep for denoting the vectors of the standard
basis of Cp and eβ, with β ∈ Z
+, for denoting the vectors of the standard basis
of U :
e1 = (e1, 0, 0, .....), e2 = (e2, 0, 0, .....), ....., ep = (ep, 0, 0, .....),
ep+1 = (0, e1, 0, ...), ep+2 = (0, e2, 0, ...), ..., e2p = (0, ep, 0, ...),
e2p+1 = (0, 0, e1, 0, ...), ...
3In the sense of all but except finitely many.
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where 0 denotes the zero vector of Cp.
After these basic remarks we now present the terminology of linear recur-
rences.
A vector v = (vn)n∈Z ∈ V is said to be a solution of a Fibp recurrence (2)
if the set {n < 0 : vn 6= 0} is finite and
vn+1 =
+∞∑
i=0
Aivn−i, for all n ≥ 0.
The subspace of V whose vectors are the solutions of the Fibp recurrence is
denoted by S.
Naturally, there exists an isomorphism
Θ : U → S
u = (un)n∈N → v = (vn)n∈Z
,
where v = (vn)n∈Z is the unique vector of S satisfying vn = u−n for all n ≤ 0.
The vector Θ(u) ∈ S is called the solution of the Fibp recurrence for the initial
condition u∈U . The vector space U is called the space of initial conditions.
In order to analyze the asymptotic behavior of a solution
Θ(u) = (vn)n∈Z ∈ S,
we define the generating function G(u) as the formal power series with coeffi-
cients in Cp
G(u) =
∑
n≥0
vnz
n.
Alternatively, G(u) can be defined as the element of the C-vector space C[[z]]p
G(u) = (G1(u), ..., Gp(u)),
with
Gα(u) =
∑
n≥0
v(α)n z
n ∈ C[[z]], α = 1, . . . , p, (4)
where v
(α)
n denotes the α-th component of vn with respect the standard base of
Cp.
Now we introduce the main ingredients of this work: the notions of kneading
matrix and kneading determinant of a Fibp recurrence. The idea is to look at
the sequence (An)n∈N as a generating function
∑
n≥0Anz
n with coefficients in
Cp×p. Naturally, this generating function can be identified with the p×p matrix
of formal power series
K =


K(1, 1) · · · K(1, p)
...
. . .
...
K(p, 1) · · · K(p, p)

 , (5)
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defined by
K(i, j) =
∑
n≥0
An(i, j)z
n ∈ C[[z]].
The matrix K is called the kneading matrix of the Fibp recurrence and the
invertible formal power series
∆ = det(I− zK) (6)
is called the kneading determinant of the Fibp recurrence.
Trivially, the entries of the kneading matrix are polynomials if and only if
the Fibp recurrence is of finite order. Hence, the kneading determinant of a
Fibkp recurrence is actually a polynomial.
3. Main results
The first result of this work concerns the particular case of linear recurrences
of finite order and shows that the definition of kneading determinant extends
the usual definition of discriminant of a finite order linear recurrence as defined
in classical textbooks [5, 6].
Recall that the Frobenius companion matrix of a Fibkp recurrence is the
kp× kp matrix
F =


A0 · · · Ak−2 Ak−1
I · · · 0 0
...
. . .
...
...
0 · · · I 0

 , (7)
where I and 0 denote respectively the p× p identity matrix and the p× p zero
matrix. As the next result shows, the classical discriminant det(I−zF) coincides
with the kneading determinant of the Fibkp recurrence.
Theorem 1. For any Fibkp recurrence the relation
det(I− zF) = det(I− zK)
holds.
The previous theorem is useful to compute explicitly the discriminant of a
vectorial finite recurrence Fibkp. A simple example illustrates this feature.
Example 2. Except for the case p = 1, the computation of the discriminant
det(I − zF) by standard methods requires in general a large number of tedious
computations. As an example, consider the Fib32 recurrence defined by
A0 =
(
1 1
1 1
)
, A1 =
(
−1 −1
−1 −1
)
, A2 =
(
0 1
1 0
)
.
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The companion matrix is
F =


1 1 −1 −1 0 1
1 1 −1 −1 1 0
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0


.
After some cumbersome computations, one gets
det(I− zF) = (1− z) (1 + z)
(
1− z + z2
)2
.
On the other hand, as the kneading matrix is
K =
(
1− z 1− z + z2
1− z + z2 1− z
)
,
a simple computation gives
∆ = det(I− zK) = (1− z) (1 + z)
(
1− z + z2
)2
.
which agrees with the value of det(I− zF) obtained above by direct approach.
Next, we focus on the main topic of this work: the study of the asymptotic
behavior of the solutions of a Fibp recurrence. Our first goal is to provide
explicit formulas for computing the generating functions G(u) of a finite or
infinite order Fibp recurrence.
First of all observe that from the linearity of the map
G : U → C[[z]]p
u → G(u),
one has
G(u) =
∑
β≥1
cβG(eβ) =
∑
β≥1
cβ (G1(eβ), ..., Gp(eβ)) , (8)
where (cβ)β∈Z+ denotes the coordinates of u with respect to the standard basis
(eβ)β∈Z+ of U . Therefore, to accomplish this task we just need to focus on the
generating functions Gα(eβ).
For this purpose, we define for each α = 1, ..., p and each β ∈ Z+ the
extended kneading matrix Kα(β) adding one more row and one more column
to the kneading matrix K of the Fibp recurrence. More precisely we define
Kα(β) ∈ C[[z]]
(p+1)×(p+1) by setting
Kα(β) =


K (1, 1) · · · K (1, p) K (1, β)
...
. . .
...
...
K (p, 1) · · · K (p, p) K (p, β)
δ(α, 1) · · · δ(α, p) δ(α, β)

 , (9)
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where δ(i, j) is the usual Kronecker delta function. For the last column of
Kα(β) we consider the quotient q and the reminder r of the division of β by p
to introduce
K (i, β) =


∑
n≥0
An+q−1(i, p)z
n, if p divides β∑
n≥0
An+q(i, r)z
n, otherwise.
Finally, we define the extended kneading determinant
∆α(β) = det(I− zKα(β)).
Now, we can state the main and new result of this work which gives explicitly
the entries of matrix generating function G (z) for the solutions of any vectorial
recurrence. To our knowledge there is no other way of computing explicitly the
solutions of any Fib∞p recurrence. Naturally, this result solves also the classical
problem of computing the solutions of finite order linear recurrences, which is
classically done using Jordan canonical forms [5, 6].
Theorem 3. For every α = 1, .., p and every vector eβ of the standard basis of
U , the generating function Gα(eβ) of a Fibp recurrence satisfies the following
equality in C[[z]]
zGα(eβ) = 1−∆
−1∆α(β).
Example 4. In order to illustrate Theorem 3, we compute the generating func-
tions G(e1) of the Fib
∞
2 recurrence defined by
An =
1
n!

 − 1n+1 2n
(−1)
n
0

 , for n ∈ N.
We have
K =
(
1−ez
z
e2z
e−z 0
)
and ∆ = det (I− zK) =
(
1− z2
)
ez.
On the other hand, as the extended kneading matrices K1(1) and K2(1) are
defined by:
Kα(1) =

 1−e
z
z
e2z 1−e
z
z
e−z 0 e−z
δ(α, 1) δ(α, 2) δ(α, 1)

 , for α = 1, 2,
the extended kneading determinants are
∆1(1) = det (I− zK1(1)) =
(
1− z2
)
ez − z
and
∆2(1) = det (I− zK2(1)) =
(
1− z2
)
ez − z2e−z.
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Finally, by Theorem 3 we have
G(e1) =
(
1
(1− z2) ez
,
z
(1− z2) e2z
)
.
We complete this section by discussing the existence of asymptotic closed-
forms for the solutions of an infinite order linear recurrence. As we will see,
Theorem 3 plays a central role in this discussion.
As a motivation for Theorem 6, the last result of this section, we recall
the case of finite order recurrences where the existence of closed forms for the
solutions are well known.
Let λ1, ..., λm ∈ C\ {0} and mul (λ1) , ...,mul (λm) ∈ Z
+ denote the nonzero
eigenvalues and corresponding algebraic multiplicities of the companion matrix,
F, of a finite recurrence Fibkp, then for any solution Θ(u) =
(
v
(1)
n , ..., v
(p)
n
)
and
every α = 1, ..., p, there exist unique constants c
(α)
i,j (u) ∈ C, with i = 1, ...,m
and j = 1, ...,mul (λi), such that
v(α)n =
m∑
i=1
mul(λi)∑
j=1
c
(α)
i,j (u)(n+ j − 1)!
(j − 1)!n!
λni , for all n > kp.
In particular, if mul (λi) = 1, for i = 1, ..., p, one gets the Binet formula
v(α)n =
m∑
i=1
c
(α)
i,i λ
n
i , for all n > kp.
For the original Binet Formula and historical approach see page 281 of [4].
In the case of infinite order recurrences with nonrational4 generating func-
tions as seen in Example 4, there are no closed-forms. However, one can establish
the existence of asymptotic closed forms in some cases. For instance, in [11] are
obtained Binet formulas for periodic F∞1 recurrences.
In the case of infinite vector recurrences of the type F∞p we need to introduce
some essential concepts to state Theorem 6.
As usual, a matrixM ∈C[[z]]p×p is said to be holomorphic5 (resp. meromor-
phic) on the open disk Dρ = {z ∈ C : |z| < ρ}, with ρ ∈ ]0,+∞], if the entries
of M are holomorphic (resp. meromorphic) functions on Dρ.
Consequently, if the kneading matrix K of a Fibp recurrence is holomorphic
on Dρ, we can look at the kneading determinant ∆ as an analytic function on
Dρ.
The next definition is motivated by Theorem 1, which proves that λ ∈ C\ {0}
is an eigenvalue of the companion matrix of a finite recurrence Fibkp if and only
if the kneading determinant ∆ has a zero at λ−1.
4A formal power series a =
∑
n≥0 anz
n is said to be a rational function of z, if there exist
polynomials p, q such that q is invertible in C [[z]] and a = q−1p.
5A formal power series a =
∑
n≥0 anz
n with radius of convergence R is said to be holomor-
phic on Dρ if R ≥ ρ. Similarly, one says that a ∈ C [[z]] is meromorphic on Dρ if there exist
b, c ∈ C [[z]] such that b and c are holomorphic on Dρ, c is invertible in C [[z]] and a = c−1b.
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Definition 5. Assume that the kneading matrix, K, of a Fibp-recurrence is
holomorphic on Dρ. A complex number, λ, with |λ| > ρ
−1, is said to be a
generalized eigenvalue of the Fibp-recurrence with multiplicity mul (λ) ∈ Z
+ if
the kneading determinant ∆ has a mul (λ)-order zero at λ−1. A generalized
eigenvalue, λ, is said to be dominant if |λ| ≥ 1.
Notice that if the kneading matrixK is holomorphic on someDρ, with ρ > 1,
then the Fibp-recurrence has finitely many generalized eigenvalues. This is the
setting of the second main result of the paper.
Theorem 6. Let λ1, ..., λm be the dominant eigenvalues of a Fibp recurrence
whose kneading matrix K is holomorphic on some open disk Dρ, with ρ > 1.
Then, for any solution Θ(u) =
(
v
(1)
n , ..., v
(p)
n
)
and every α = 1, ..., p there exist
unique constants c
(α)
i,j (u) ∈ C, with i = 1, ...,m and j = 1, ...,mul (λi) such that
lim
n→+∞

v(α)n − m∑
i=1
mul(λi)∑
j=1
c
(α)
i,j (u)(n+ j − 1)!
(j − 1)!n!
λni

 = 0.
With this theorem it is clear that the dominant eigenvalues of an infinite
linear recurrence characterize the asymptotic behavior of the solutions of that
recurrence.
Note that the previous theorem shows that if mul(λi) = 1, i = 1, ...,m, then
lim
n→+∞
(
v(α)n −
m∑
i=1
d
(α)
i (u)λ
n
i
)
= 0, with d
(α)
i = c
(α)
i,i ,
which is the generalization of the classic Binet formula.
We finish this section with an example illustrating Theorem 6.
Example 7. Let us return to Example 4. From Theorem 6 it is easy to prove
that any solution Θ(u) =
(
v
(1)
n , v
(2)
n
)
is asymptotically periodic with period 2,
that is both sequences
(
v
(1)
2n , v
(2)
2n
)
and
(
v
(1)
2n+1, v
(2)
2n+1
)
are convergent. Indeed,
since the kneading matrix is holomorphic on C and ∆ = (1−z2)ez, the dominant
eigenvalues are λ1 = 1 and λ2 = −1, with mul (λ1) = mul (λ2) = 1. Therefore,
for any solution Θ(u) there exist unique constants c
(1)
1 (u), c
(1)
2 (u), c
(2)
1 (u), c
(2)
2 (u) ∈
C such that
lim
n→+∞
(
v(1)n − c
(1)
1 (u)− c
(1)
2 (u)(−1)
n
)
= 0
and
lim
n→+∞
(
v(2)n − c
(2)
1 (u)− c
(2)
2 (u)(−1)
n
)
= 0.
Hence, we have
lim
n→+∞
(
v
(1)
2n , v
(2)
2n
)
=
(
c
(1)
1 (u) + c
(1)
2 (u), c
(2)
1 (u) + c
(2)
2 (u)
)
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and
lim
n→+∞
(
v
(1)
2n+1, v
(2)
2n+1
)
=
(
c
(1)
1 (u)− c
(1)
2 (u), c
(2)
1 (u)− c
(2)
2 (u)
)
.
The rest of the paper will be devoted to the proofs of Theorems 1, 3 and 6.
4. Pairs of linear endomorphisms
The proofs of Theorems 1 and 3 on the next section are rooted in the main
Theorem of [1] concerning the determinant of a pair of linear endomorphisms
with finite rank. This last theorem extends to a wider context the well known
relationship between discriminant and traces for a matrix X ∈ Cm×m
det(I− zX) = exp
∑
n≥1
−
tr(Xn)
n
zn. (10)
In order to improve the readability of the paper we present a brief description
of the results obtained in [1].
Throughout this section, U denotes an arbitrary (finite or infinite dimen-
sional) vector space over C; the space of linear forms on U will be denoted by
U∗ and the space of linear endomorphisms on U will be denoted by L(U). If
ψ ∈ L(U) and n is a nonnegative integer, the n-th iterate ψn is defined recur-
sively by ψ0 = IdU ∈ L(U), ψ
n = ψ ◦ ψn−1 ∈ L(U), for n ≥ 1.
Recall that a linear endomorphism ψ ∈ L(U) is said to have finite rank if
there exist vectors u1, ..., up ∈ U and linear forms ω1, ..., ωp ∈ U
∗ such that
ψ = ω1 ⊗ u1 + ω2 ⊗ u2 + · · ·+ ωp ⊗ up,
with the usual notation
ω ∈ U∗, u ∈ U : (ω ⊗ u) (x) = ω (x) u, x ∈ U.
The subspace of L(U) whose elements are the linear endomorphisms with finite
rank on U will be denoted by LFR(U).
The importance of LFR(U), in this context, lies in the existence of the trace
for any ψ ∈ LFR(U), trace that is not evidently defined for an arbitrary ψ ∈
L(U).
Let us then introduce the following definition.
Definition 8. A pair of endomorphisms (ϕ, ψ) ∈ L(U) × L(U) is said to have
finite rank if ψ − ϕ ∈ LFR(U).
Notice that if a pair (ϕ, ψ) has finite rank, then the pair (ϕn, ψn) has finite
rank for all n ≥ 0. Therefore, the trace of ϕn − ψn is defined and the following
definition makes sense.
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Definition 9. For any pair (ϕ, ψ) ∈ L(U) × L(U) with finite rank, the deter-
minant of (ϕ, ψ) is defined as the formal power series
∆(ϕ, ψ) = exp
∑
n≥1
tr(ϕn − ψn)
n
zn.
If a pair (ϕ, ψ) has finite rank, then (ψ, ϕ) has finite rank too and
∆ (ϕ, ψ)∆ (ψ, ϕ) = 1.
Thus, ∆ (ϕ, ψ) is invertible in C[[z]] with inverse
[∆ (ϕ, ψ)]
−1
= ∆(ψ, ϕ) .
More generally one has the following proposition.
Proposition 10. If (ϕ, ψ) ∈ L(U) × L(U) and (ψ, χ) ∈ L(U) × L(U) have
both finite rank, then (ϕ, χ) ∈ L(U) × L(U) has finite rank and ∆(ϕ, χ) =
∆ (ϕ, ψ)∆ (ψ, χ).
Notice that if the space U is finite dimensional, then every pair (ϕ, ψ) has
finite rank and by (10) one gets
∆ (ϕ, ψ) =
det(I− zY)
det(I− zX)
,
where X (respectively Y) is the matrix that represents ϕ (respectively ψ) with
respect to some basis of U . So, in this particular case ∆ (ϕ, ψ) is a rational
function of z.
The situation becomes entirely different if the space U is infinite dimensional.
In this case the rationality of ∆ (ϕ, ψ) fails in general. This fact is a simple
consequence of the next result which enables us to express ∆ (ϕ, ψ) in terms of
determinants. To state it we have to introduce some additional notation.
Observe that if a pair (ϕ, ψ) ∈ L(U)× L(U) has finite rank, then there exist
vectors u1, ..., up ∈ U and linear forms ω1, ..., ωp ∈ U
∗ such that
ψ − ϕ = ω1 ⊗ u1 + ω2 ⊗ u2 + · · ·+ ωp ⊗ up (11)
and so, we can define the matrix M ∈ C [[z]]
p×p
by setting
M =


∑
n≥0
ω1ϕ
n(u1)z
n · · ·
∑
n≥0
ω1ϕ
n(up)z
n
...
. . .
...∑
n≥0
ωpϕ
n(u1)z
n · · ·
∑
n≥0
ωpϕ
n(up)z
n

 . (12)
Now we can state the main Theorem of [1] which establishes a fundamental
relationship between ∆ (ϕ, ψ) and the determinant of the matrix I− zM.
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Lemma 11. Let (ϕ, ψ) ∈ L(U)× L(U) be a pair of endomorphisms with finite
rank. If the vectors u1, ..., up ∈ U and the linear forms ω1, ..., ωp ∈ U
∗ satisfy
(11), then ∆(ϕ, ψ) = det(I− zM).
Two consequences of this result are needed.
The first one can be thought as an alternative method for computing the
discriminant det(I− zY) of a complex matrix Y ∈ Cm×m.
The idea is to consider a nilpotent matrix X ∈ Cm×m and to look at (X,Y)
as a pair of linear endomorphism on Cm with finite rank. So, we can con-
sider column matrices C1, ...,Cp ∈ C
m×1 and row matrices R1, ...,Rp ∈ C
1×m
satisfying
Y −X = C1R1 +C2R2 + · · ·+CpRp (13)
and by Lemma 11 we can write
exp
∑
n≥1
tr(Xn −Yn)
n
zn = det(I− zM), (14)
with
M =


∑
n≥0
R1X
nC1z
n · · ·
∑
n≥0
R1X
nCpz
n
...
. . .
...∑
n≥0
RpX
nC1z
n · · ·
∑
n≥0
RpX
nCpz
n

 . (15)
Moreover, being X nilpotent then M is a p × p matrix of polynomials. Hence
det(I−zM) is a polynomial too. As we will see in the next result, this polynomial
is actually the discriminant of Y.
Theorem 12. LetX ∈ Cm×m,Y ∈ Cm×m,C1, ...,Cp ∈ C
m×1 and R1, ...,Rp ∈
C1×m satisfying (13). If X is nilpotent, then the equality det(I − zY) =
det(I− zM) holds in C[z].
Proof. As X is nilpotent one has tr(Xn) = 0 for n ≥ 1. Combining this
with (10) and (14) one gets
det(I− zY) = exp
∑
n≥1
−
tr(Yn)
n
zn
= exp
∑
n≥1
tr(Xn −Yn)
n
zn
= det(I− zM),
as desired.
A second consequence of Lemma 11 concerns the general and difficult prob-
lem of studying the analytic properties of the generating function∑
n≥0
ωψn(u)zn, (16)
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where ψ ∈ L(U), ω ∈ U∗ and u ∈ U are arbitrary.
An idea that can be useful, is to consider a pair (ϕ, ψ) ∈ L(U)× L(U) with
finite rank and write (16) in terms of determinants with the desired analytic
properties.
Notice that if a pair (ϕ, ψ) has finite rank, then (ϕ, ψ + ω ⊗ u) has finite rank
too. In fact, if the vectors u1, ..., up ∈ U and the linear forms ω1, ..., ωp ∈ U
∗
satisfy (11), then
(ψ + ω ⊗ u)− ϕ = ω1 ⊗ u1 + ω2 ⊗ u2 + · · ·+ ωp ⊗ up + ω ⊗ u
and by Lemma 11
∆ (ϕ, ψ + ω ⊗ u) = det(I− zMω(u)), (17)
where Mω(u) ∈ C[[z]]
(p+1)×(p+1) is the extended matrix defined by
Mω(u) =


∑
n≥0
ω1ϕ
n(u1)z
n · · ·
∑
n≥0
ω1ϕ
n(up)z
n
∑
n≥0
ω1ϕ
n(u)zn
...
. . .
...
...∑
n≥0
ωpϕ
n(u1)z
n · · ·
∑
n≥0
ωpϕ
n(up)z
n
∑
n≥0
ωpϕ
n(u)zn∑
n≥0
ωϕn(u1)z
n · · ·
∑
n≥0
ωϕn(up)z
n
∑
n≥0
ωϕn(u)zn


. (18)
Now, it is easy to establish a simple relationship between the generating function
of (16) and the matrices M and Mω(u) of (12) and (18).
Lemma 13. Let (ϕ, ψ) ∈ L(U) × L(U) be a pair with finite rank, u ∈ U and
ω ∈ U∗. If the vectors u1, ..., up ∈ U and the linear forms ω1, ..., ωp ∈ U
∗ satisfy
(11), then we have the equality
z
∑
n≥0
ωψn(u)zn = 1−
det(I− zMω(u))
det(I− zM)
.
Proof. Combining Lemma 11 with (17) and Proposition 10, one gets
det(I− zMω(u))
det(I− zM)
=
∆ (ϕ, ψ + ω ⊗ u)
∆ (ϕ, ψ)
= ∆ (ψ, ϕ)∆ (ϕ, ψ + ω ⊗ u)
= ∆ (ψ, ψ + ω ⊗ u) .
But, again by Lemma 11 and because (ψ + ω ⊗ u)− ψ = ω ⊗ u we can write
∆ (ψ, ψ + ω ⊗ u) = 1− z
∑
n≥0
ωψn(u)zn.
Hence
1− z
∑
n≥0
ωψn(u)zn =
det(I− zMω(u))
det(I− zM)
,
as desired.
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5. Proofs of the main results
At this stage we have all the ingredients to prove the main results of this
article: theorems 1, 3 and 6.
Theorem 1 is a simple consequence of Theorem 12 given in the previous
section.
Proof of Theorem 1. Let F ∈Ckp×kp be the Frobenius companion matrix
of a Fibkp recurrence as defined in (7). For each i = 1, ..., p, let Ri ∈ C
1×kp be
the i-th row of F and Ci ∈ C
kp×1 the i-th vector of the standard basis of Ckp×1.
Evidently, the kp× kp matrix
X =


0 · · · 0 0
I · · · 0 0
...
. . .
...
...
0 · · · I 0


is nilpotent and
F−X = C1R1 + · · ·+CpRp.
So, as the matrices X,F,C1, ...,Cp,R1, ...,Rp satisfy the assumptions of The-
orem 12 we can write
det(I− zF) = det(I− zM), (19)
with
M =


∑
n≥0
R1X
nC1z
n · · ·
∑
n≥0
R1X
nCpz
n
...
. . .
...∑
n≥0
RpX
nC1z
n · · ·
∑
n≥0
RpX
nCpz
n

 .
But by (5) and because An = 0 for n ≥ k, the (i, j) entry of M is
∑
n≥0
RiX
nCjz
n =
k−1∑
n=0
An(i, j)z
n =
∑
n≥0
An(i, j)z
n = K (i, j) .
Hence M = K and by (6) and (19) we finally arrive at
∆ = det(I− zK) = det(I− zM) = det(I− zF).
This last relation is precisely what is stated in Theorem 1.
We now prove Theorem 3.
Proof of Theorem 3. The idea is to regard a Fibp recurrence, determined
by a sequence of matrices (An)n∈N, as a pair (ϕ, ψ) of linear endomorphisms
on the infinite dimensional vector space U defined in (3). This pair (ϕ, ψ) ∈
L(U)× L(U) is now defined as follows:
ϕ(u0, u1, u2, ...) = (0, u0, u1, u2, ...) for all (un)n∈N ∈ U ,
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where 0 denotes the zero vector of Cp, and
ψ(u0, u1, u2, ...) = (w, u0, u1, u2, ...) for all (un)n∈N ∈ U ,
with
w =
∑
n≥0
Anun ∈ C
p.
Clearly, (ϕ, ψ) is a pair of finite rank. Let us begin by proving that ∆(ϕ, ψ)
is actually the kneading determinant ∆ of the linear recurrence as defined in
(6).
Indeed, from the definitions of ϕ and ψ one has
ψ − ϕ = ω1 ⊗ e1 + ω2 ⊗ e2 + · · ·+ ωp ⊗ ep,
where ei ∈ U denotes i-th vector of the standard basis of U and ωi ∈ U
∗ is the
linear form defined by
ωi(u0, u1, u2, ...) =
∑
n≥0
Rn(i)un,
where Rn(i) = (An(i, 1) · · ·An(i, p)) ∈ C
1×p denotes the i-th row of An. By
Lemma 11 we have
∆(ϕ, ψ) = det(I− zM), (20)
with
M =


∑
n≥0
ω1ϕ
n (e1) z
n · · ·
∑
n≥0
ω1ϕ
n (ep) z
n
...
. . .
...∑
n≥0
ωpϕ
n (e1) z
n · · ·
∑
n≥0
ωpϕ
n (ep) z
n

 .
But by (5), the (i, j) entry of M is∑
n≥0
ωiϕ
n (ej) z
n =
∑
n≥0
An(i, j)z
n = K (i, j) .
Hence K =M and by (6) and (20) we arrive at
∆ = det(I− zK) = det(I− zM). (21)
This formula is the first step in the proof of Theorem 3. The second step deals
with the generating functions G(u) of a Fibp recurrence.
Let pi : U → Cp be the projection defined by pi(u0, u1, u2, ...) = u0. For each
α = 1, ..., p, define the linear form piα ∈ U
∗, where piα(u) is the α-th coordinate
of pi(u) with respect the standard basis of Cp.
Now let Θ(u) = (vn)n∈Z be the solution of the Fibp recurrence for the initial
condition u = (un)n∈N ∈ U . Observe that from the definition of ψ one has
piψn(u) = vn for n ∈ N.
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Thus, the equalities
G(u) =
∑
n≥0
vnz
n =
∑
n≥0
piψn(u)zn
and
Gα(u) =
∑
n≥0
v(α)n z
n =
∑
n≥0
piαψ
n(u)zn, (22)
hold for all u ∈ U and α = 1, ..., p.
Finally, we have all the elements to conclude the proof of Theorem 3.
Let eβ be a vector of the standard basis of U and α = 1, ..., p. From Lemma
13 and equality (21) one has
z
∑
n≥0
piαψ
n(eβ)z
n = 1−
det(I− zMpiα(eβ))
det(I− zM)
= 1−∆−1 det(I− zMpiα(eβ)),
with
Mpiα(eβ) =


∑
n≥0
ω1ϕ
n (e1) z
n · · ·
∑
n≥0
ω1ϕ
n (ep) z
n
∑
n≥0
ω1ϕ
n (eβ) z
n
...
. . .
...
...∑
n≥0
ωpϕ
n (e1) z
n · · ·
∑
n≥0
ωpϕ
n (ep) z
n
∑
n≥0
ωpϕ
n (eβ) z
n
∑
n≥0
piαϕ
n (e1) z
n · · ·
∑
n≥0
piαϕ
n (ep) z
n
∑
n≥0
piαϕ
n (eβ) z
n


.
On the other hand, it is easy to see that Mpiα(eβ) is actually the extended
kneading matrix Kα(β) defined in (9), hence
z
∑
n≥0
piαψ
n(eβ)z
n = 1−∆−1 det(I− zMpiα(eβ))
= 1−∆−1 det(I− zKα(β))
= 1−∆−1∆α(β)
and by (22) we finally arrive at
zGα(eβ) = 1−∆
−1∆α(β).
This last relation is precisely what is stated in Theorem 3.
Finally, we prove Theorem 6.
Proof of Theorem 6. Let λ1, ..., λm be the dominant eigenvalues of a
Fibp-recurrence whose kneading matrix K is holomorphic on some open disk
Dρ with ρ > 1. Therefore, the kneading determinant ∆ is holomorphic on Dρ
and the zeros of ∆ lying in {z ∈ C : |z| ≤ 1} are zi = λ
−1
i , i = 1, ...,m.
From (9), it is easy to see that every extended kneading matrix Kα(β) is
also holomorphic on Dρ. Thus, every extended kneading determinant ∆α(β) =
16
det(I− zKα(β)) is holomorphic on Dρ. By Theorem 3, it turns clear that every
generating function
Gα(eβ) =
∆−∆α(β)
z∆
is meromorphic on Dρ. Moreover, as
∆(0)−∆α(β)(0) = det(I− 0K)− det(I− 0Kα(β)) = 1− 1 = 0,
the meromorphic function Gα(eβ) has a removable singularity at 0. Hence,
every pole of Gα(eβ) is a zero of ∆.
This proves that the possible poles of Gα(eβ) lying in {z ∈ C : |z| ≤ 1} are
zi = λ
−1
i ,i = 1, ...,m.
Let us consider the Laurent’s series of Gα(eβ) with respect to zi
+∞∑
j=−mul(λi)
L(i, j)(z − zi)
j .
As each zi is a zero of ∆ of order mul(λi), the auxiliary function
h(z) = Gα(eβ)−
m∑
i=1
−1∑
j=−mul(λi)
L(i, j)(z − zi)
j (23)
is holomorphic on some Dρ′ , with ρ > ρ
′ > 1. Consequently, the radius of
convergence of h(z) =
∑
n≥0hnz
n is grater than 1 and one has
hn → 0. (24)
On the other hand, combining (23) with the formulas
(z − zi)
j = (z − λ−1i )
j = (−λi)
−j∑
n≥0
(n− j − 1)!
(−j − 1)!n!
λni z
n, for j ∈ Z−,
and
Gα(u) =
∑
n≥0
v(α)n z
n,
one gets
v(α)n −
m∑
i=1

mul(λi)∑
j=1
L(i,−j) (−λi)
j (n+ j − 1)!
(j − 1)!n!

λni = hn.
Combining this last equality with (24) and defining c
(α)
i,j (u) = L(i,−j) (−λi)
j
,
we finally arrive at
lim
n→+∞

v(α)n −
m∑
i=1
mul(λi)∑
j=1
c
(α)
i,j (u)(n+ j − 1)!
(j − 1)!n!
λni

 = 0.
This last relation is precisely what is stated in Theorem 6.
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